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In the Section 1, it introduces a methodology to simulate the currents and 
fields during an air discharge ESD into a product by combining a linear description of 
the behavior of the DUT with a non-linear arc resistance equation. The most 
commonly used test standard IEC 61000-4-2 requires using contact mode discharges 
to metallic surfaces and air discharge mode to non-conducting surfaces. This paper 
proposes a method that combines the linear ESD generator full wave model and the 
non-linear arc model to simulate currents and fields in air discharge mode.  
In Section 2, when simulating surface and thin wire structures, full wave 
MoM method is accurate, but time consuming. On the other hand, conventional 
Mulit-conductor Transmission Line Theory (MTL) provides a very simple model, but 
can only deal with Transmission Line (TL-) mode current. A proposed Multi-
Scattering method by hybrid of MTL and surface MoM can be used to calculate 
interactions between surface and thin wire structures. After only a few scattering, the 
wire current value can match the result obtained by full wave MoM method.  
In Section 3, a fast method to calculate the admittance matrix of Through 
Silicon Vias (TSVs) is proposed.  The silicon dioxide layers are equivalently modeled 
using the positive bound charge on the conductor surfaces as well as the equal amount 
negative bound charge on the dielectric interface between the silicon dioxide and the 
silicon regions. Unknown densities of both the free and bound surface charge are 
expanded using the axial harmonics. Galerkin’s method is then applied to obtain the 
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1. FULL WAVE SIMULATION OF AN ELECTROSTATIC DISCHARGE 
GENERATOR DISCHARGING IN AIR DISCHARGE MODE  
1.1. INTRODUCTION 
Simulating Electrostatic Discharge (ESD) allows predicting the currents and 
fields seen within a DUT during an ESD, thus it helps to predict failure levels [1], [2]. 
The most commonly used test standard IEC 61000-4-2 [3] requires using contact mode 
discharges to metallic surfaces and air discharge mode to non-conducting surfaces. If an 
air discharge is attempted to a non-conducting surface a discharge to a conducting part 
can occur. 
In contact mode the output wave form is proportional to the charge voltage, thus, 
the ESD generator can be analyzed as a linear system in both time and frequency domain 
[4]. Those models differ in the software used, the upper frequency limits, and if a specific 
commercial model of an ESD generator is simulated. However, the numerical modelling 
of an air discharge is more complex due to the highly non-linear behaviour of the arc [9]-
[14]. The generator needs to be separated into the linear sections comprising the metallic 
elements, resistors, capacitors, and the non-linear arc. It has been shown that the arc can 
be modelled as a time varying resistor valid for the first 10’s of nanoseconds [13]. This 
model needs to be integrated into the numerical model. 
Air discharge currents repeat badly. Even if the voltage and speed of approach are 
kept the same, ESD currents will vary strongly from discharge to discharge. The 
variations are due to different arc lengths and not a direct result of corona or speed of 
approach [13]. Reference [12] shows a method to combine the arc model from Rompe 
and Weizel with an equivalent circuit of the discharging object. This methodology is 
expanded in this paper to combine a linear full wave model of the ESD generator and the 
Device Under Test (DUT) with a non-linear arc model. Currents and fields are obtained. 
Section 1.2 introduces the methodology. Sections 1.3 and 1.4 verify the 
methodology by comparison to measured data. Section 1.5 discusses the application and 





In general, different processes are possible for coupling SPICE to a full wave 
solver: Simultaneous solution exchange voltage and current information with a SPICE 
like solver after every time step of the full wave solution [15], [16]. Sequential solutions 
first calculate the S-parameters of the linear section of the circuit and then combine them 
with the nonlinear part of the circuit in SPICE. We use the second method. It allows re-
using the S-parameters to save calculation time if only the arc parameters are changed. 
More in detail, a four step process is used which simulates linear parts in full 
wave and non-linear in SPICE. The arc attaches at two points: At the ESD generator tip 
and at the DUT. These two points are used to define a port. In the first step the impedance 
at this port is calculated. This is the impedance looking into the DUT and a Noiseken 
ESD generator (ESS-2000). The simulation is performed using CST [17]. Both the TD 
(time domain) and FD (frequency domain) solver can be used. Although the impedance 
Z11 is calculated in the full wave model for a given distance (0.7 mm) between the ESD 
generator and the DUT as shown in Figure 1.1, different distances will influence the 
result little as long as the distance is in the arc length range (0.3 mm to 3.0 mm). The tip 
to ground capacitance is small relative to the distributed capacitance of the rod. This 
impedance is transformed into a form suitable for time domain simulation. Here the 
commercial software Broadband SPICE [21] was used. An order of 28 was selected to 
generate the circuit. SPICE then combines the impedance description from step 1 with an 
arc model based on the law of Rompe and Weizel. This law describes the arc during the 
first 10’s of nanoseconds as a resistance and has been validated for ESD applications 
[18], [19]. The resulting current is re-imported into CST as the excitation waveform of 
the current port which is placed between the two points that had been previously selected 
to define the impedance port to calculate Z11 to obtain fields and currents within the ESD 
generator and the DUT. The process is summarized in Table 1.1. 
The detailed combination in SPICE is now shown. The Z11 describes the linear 
part of the system. Once the Z11 has been obtained, it needs to be transformed into a 
form suitable for time domain simulation. Software tools like IDEM [20] or Broadband 
SPICE [21] have been used successfully in this research. The sub-circuit created from 
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Z11 is not unique. Its complexity can be user defined which depends on the 
transformation algorithm, the error, and the order of interest. 
 
 
Figure 1.1. Definition of the Port Used for Z11 Calculation 
 
Table 1.1.  Four Step Process for Simulating Air Discharge ESD 
Step # Method Description 
1 
Obtain Z11 from the two points at which the arc attaches (looking into ESD 
generator and the DUT) using a full wave model. The DUT’s inner details are 
not of concern in this step, as one only needs to know the impedance seen by the 
spark. 
2 
Obtain a time domain simulation suitable description of Z11. The IDEM 
(Identification of Electrical Macromodels) tool [20] and Broadband SPICE [21] 
have been utilized. 
3 
Combine the equivalent sub-circuit with the arc length model in SPICE to 
simulate the time domain discharge current waveform. 
4 
Re-import the discharge current waveform [I(t)] back into the full wave model 
as a port excitation signal and simulate V(t) (for verification against the V(t) 
obtained from SPICE),  E-field(t), and H-field(t) in the full wave simulation. In 
this step a much more detailed model of the DUT can be used. 
  
4 
The arc of an ESD can be modelled by breaking it down into different phases. The 
first phase is the resistive phase. The arc is best modelled by a time varying resistance. In 
the second phase, which is usually reached after a few 10’s of nanoseconds, the 
impedance of the external circuit is larger than the impedance of the arc. In this case the 
arc often acts more as a constant voltage drop of about 25 V-40 V. The rising edge of the 
ESD is the main contributor to radiated and inductive coupling into DUTs. For that 
reason, we concentrate on the resistive phase and do not model other aspects (e.g., how 
the arc extinguishes). Multiple models describe the resistive phase or arcs [18], [19], [20]. 
In [13], it has been shown that the model of Rompe and Weizel’s is most suitable for 
ESD simulation as it can correctly describe the effect of the arc length on the rise time 
and peak current. The arc resistance can be calculated by (1) [13]: 
 2
0
( ) / (2 ( ) )
t
R t d sqrt a i d    (1) 
where R is the arc resistance (Ω), d is the arc length (m), a is the empirical constant, most 






 s and ( )i   is the discharge current 
(A). 
The structure of the SPICE model is shown in Figure 1.2. A step function having 
a rise time of approximately 30 ps was used as the source. The rise time is selected by 
two criteria: If it is too long, then it will influence the current rise time. The current rise 
time should be determined only the arc resistance law and the linear equivalent circuit. 
Further, the rise time cannot be too small, if the pulse contains strong frequency 
components beyond the range in which the impedance is calculated it can lead to 
instabilities in the SPICE simulation. The fast voltage rise starts the arc resistance model. 
The current rise time is not determined by the rise time of the step function, but by the arc 
resistance model. The subcircuit represents Z11. The user provides the voltage and the 
arc length to calculate the discharge currents. The longest possible arc length in a 
homogeneous field is given by the Paschen law [13]. Such arc lengths would occur in air 
discharge for low approach speeds or in humid air conditions. The long arc length leads 
to slow rise times and lower peak values. Longer arc lengths than the length given by 
Paschen’s equation are possible in strongly non-homogeneous fields, e.g., if the discharge 
is between an ESD generator and a sharp edged metal part or if the discharge is gliding 
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on a non-conducting surface. Very short arc lengths occur at high approach speeds and in 
dry air [9], [13], [23], leading to fast rise times and very high peak current values. 
 
 
Figure 1.2. Structure of the SPICE Model with the Non-linear Arc [12] 
 
In the following we will first apply this methodology to a discharge to a ground 
plane, mainly for verification purposes, and then to a discharge to a small MP3 player. 
 
1.3. CASE 1:  ESD GENERATOR DISCHARGE TO A GROUND PLANE  
1.3.1. Z11 between the Tip of the ESD Generator and the Ground Plane.  
The structural and discrete elements of the ESD generator are linear with respect to 
voltage. We further assume that the DUT acts linearly. For obtaining the current injected 
by the arc, this does not require that no non-linear effects take place inside the DUT; it 
only requires that the current injected into the DUT is proportional to the charge voltage. 
For example, if an internal ESD protection device would clamp a trace voltage while the 
ESD current is injected into the ground system of the DUT, then this clamping would 
have hardly any effect on the current, thus, the DUT would act as a linear device as seen 
by the ESD generator. However, if secondary breakdown occurs, e.g., a spark within an 
attached 2-wire power supply, then this could strongly affect the ESD current, thus the 
modelling approach might lead to wrong results. 
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Both time and frequency domain solvers can be used to obtain Z11. We observed 
the frequency domain simulation giving a more reasonable Z11 result and using less 
simulation time. The simulated Z11 for the structure of the ESD generator above a 
ground plane is shown in Figure 1.3 as the dotted line. This result is verified by 
comparison with measurement, as shown in Figure 1.4, and an approximate SPICE model 
of this ESD generator [4]. The model contains sufficient detail for achieving a good 
match to measured impedance data, and correctly represents the 110 pF capacitor and 330 
Ω resistor structure inside the ESD generator at lower frequencies. The calculation takes 
about 15 hours on a PC (CPU 3.20 GHz, 16G RAM). 
ESD generators have long ground straps. It increases the simulation time if the 
full length is included into the simulation domain. As most disturbances are caused by the 
fast changing parts of the currents and fields, one may not need to include the full ground 
strap into the model. The ground strap mainly influences the falling part of the waveform. 
The SPICE model shown in Figure 1.5 includes a 3500 nH inductor to model the ground 
strap. A shorter ground strap will reduce the time between the first and the second peak 
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Figure 1.5. Equivalent Circuit of an ESD Generator [4]. Rt and Ri Represent the Current 




The first step obtained the impedance representing an ESD generator discharges 
to a large ground plane. In the next step the impedance is transformed into the time 
domain suitable form and combined with a nonlinear arc equation in SPICE. 
1.3.2. SPICE Simulation for the Discharge Current.  Figure 1.6 illustrates the  
effect of the arc length on the current waveform. It shows SPICE simulated discharge 
currents for a 5 kV charge voltage. An arc length of 1.1 mm equals the Paschen length, 
such a discharge current would be expected at high humidity and slow approach speeds. 
A more typical value at moderate approach speeds is 0.7 mm. At this value the rise time 
will be somewhat similar to the rise time of an ESD as given in the IEC 61000-4-2 
standard (about 850 ps). A more extreme case is given by the 0.3 mm arc length 
simulation. Very dry air and high approach speeds might lead to such a discharge. The 
simulated current peak value is 26 A and the rise time is 150 ps. 
 



















1.1 mm arc length
0.7 mm arc length
0.3 mm arc length
 
Figure 1.6. Simulated Discharge Currents of an ESD Generator Discharging to a Ground 




1.3.3. Re-import of Currents into CST.  For obtaining the fields, one needs  
to re-import the discharge current into the full wave model as the excitation waveform. 
This is discussed and validated in the second case example. 
1.3.4. Validation by Measurement Results.  The current into the large ground  
plane was measured using an ESD current sensor as described in [3]. In Figure 1.7 
through Figure 1.9, the SPICE simulated discharge currents are compared to the 
measured data for different approach speeds. Even if the exact approach speed or arc 
length are not known, it shows that the ranges of arc lengths used in the simulation are 
representative for discharge currents obtained in the experiment. A more in-depth 
comparison based on measured arc length values can be found in [13]. 




















0.3 mm arc length, 
simulation
Fast approach speed, 
measurement
 
Figure 1.7. Comparison of Currents Discharging to Ground Plane for a 0.3 mm Arc 
Length and Measured Current for a Fast Approach Speed 
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Figure 1.8. Comparison of Currents Discharging to Ground Plane for a 0.7 mm Arc 
Length and Measured Current for a Medium Approach Speed 

























1.1 mm arc length, 
simulation
 
Figure 1.9. Comparison of Currents Discharging to Ground Plane for a 1.1 mm Arc 
Length and Measured Current for a Slow Approach Speed 
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1.4. CASE 2:  ESD GENERATOR DISCHARGE INTO A PRODUCT 
1.4.1. Z11 between the Tip of the ESD Generator and the Ground Plane.  
This case simulates a discharge into an MP3 player, a small, non-grounded DUT. The 
whole geometry is shown in Figure 1.10. The MP3 player model includes the main 
blocks of the DUT similar to [24]. In brief, the major blocks of the player (metal frame, 
battery, display, PCBs) are modelled as metal blocks connected at locations of connectors 
and frame connection points. 
 
 
Figure 1.10. Full Wave Model of the ESD Generator and MP3 Player 
 
The DUT is placed on a dielectric sheet above a larger ground plane. This forms a 
capacitor having a capacitance of about 25 pF, leading to a higher value of Z11 at lower 
frequencies. The value for Z11 was obtained as shown in Figure 1.11. The comparison 
between Z11 of the ESD generator and the large ground plane and Z11 of the ESD 
generator with the MP3 player is shown in Figure 1.12. It mainly shows the smaller 
capacitance at lower frequencies; at higher frequencies the impedance of the 25 pF 
capacitor formed by the player against the ground plane is lower than the source 
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impedance of the ESD generator, thus the impedance in case 2 is similar to the 
impedance seen in case 1, the discharge to a large ground plane. 
 
 


































 of ESD Generator
with MP3 player
Z11 of ESD Generator
with large GND plane
 
Figure 1.12. Simulated Z11 of the ESD Generator Discharging to a Small Product 
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1.4.2. SPICE Simulation for the Discharge Current. The Z11 defined  
between the discharge tip and the MP3 player was transformed into a subcircuit using 
Broadband SPICE. The subcircuit combined with the arc model gave the simulated 
discharge current for different user-defined charging voltage and arc length. The 
simulated discharge current at the 5 kV charge voltage with different arc lengths is shown 
in Figure 1.13. 
The obtained peak values and rise times are tabulated in Table 1.2. The arc length 
has a very strong effect on the parameters shown, especially, the current derivative. 















1.1 mm arc length
0.7 mm arc length
0.3 mm arc length
 
Figure 1.13. Simulated Discharge Current of the ESD Generator Discharging into the 
MP3 in the Air Discharge Mode at a 5 kV Charge Voltage 
 
Table 1.2.  Comparison of Arc Length Effect  
Arc Length peak value (A) rise time (ps) max di/dt (A/ns) 
0.3 mm 21.7 200 105.19 
0.7 mm 12.4 780 16.617 




1.4.3. Re-import of Currents into CST. To obtain transient fields the current 
waveform obtained from the SPICE simulation is re-imported into CST as the excitation 
waveform. The current source port is placed between the two points that had been 
previously selected to define the impedance port to calculate Z11. One check is 
worthwhile: If the Z11 representation used in SPICE would perfectly match the Z11 from 
the frequency domain full wave simulation then the port voltage obtained during the full 
wave simulation using the re-imported current would match the port voltage (=voltage 
across the arc) in the SPICE simulation. 
For Case II, the SPICE simulated current was imported back to the CST model as 
the current source.  The comparison of the port voltage in the SPICE model and the port 
voltage in the CST model in Figure 1.14 shows a good match. 
 
























port voltage in SPIEC model
port voltage in CST model
 
Figure 1.14. Comparison of the Port Voltage in SPICE and CST Model of Case I 
 
The simulation using the re-imported current allows simulating the fields within 
and around the MP3 player by placing appropriate monitor probes. If these probes are 
placed close to the metallic surfaces of the MP3 player, then they represent the surface 
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current densities and the displacement current densities which can be used to estimate the 
coupling into bond wires of an IC, traces, and flex cables for predicting ESD upset 
threshold levels. Before current and field results are shown, the measurement methods are 
introduced. 
1.4.4. Validation by Measurement Results.  The current was injected into the  
small product and the magnetic field was measured. To capture the current injected into 
the MP3 player, an F-65 (1 MHz – 1 GHz) current probe was used as shown in Figure 
1.15. The magnetic field was measured using a small shielded loop and a Tektronix 7404 
(4 GHz BW, 20 GS/s) oscilloscope. 
At 5 kV charge voltage, a NoiseKen ESD generator was discharged into the 
player. The player was placed above a large GND plane with a dielectric sheet between 
them. Figure 1.15 and Figure 1.16 illustrate the setup. 
 
 
Figure 1.15. Measurement Setup. The F-65 Current Clamp was Placed around the 




Figure 1.16. Measurement Setup. The Foam Prevents Direct Contact of the Current Probe 
with the MP3 Player or the ESD Generator. The H-field Probe was Placed about 5 cm 
away from the Discharge Point 
 
The relationship between approach speed, humidity, and arc length is not of 
deterministic nature, but given by the influence of the humidity on the statistical time lag 
[13]. Thus, on average one will observe shorter arc lengths with increasing approach 
speeds for a given charge voltage. For achieving short arc length discharges without 
reducing the humidity, the surface had been cleaned using alcohol and fast approach 
speeds have been used, longer arc lengths are achieved by slow approach speeds. Shown 
are examples of the captured waveforms for different approach speeds. 
1.4.4.1 Measured discharge current. The current clamp’s frequency response 
falls off above 1 GHz bandwidth, thus the fastest rise time of a step response signal 
would be approximately 300 ps. Figure 1.17 shows measured discharge currents for 
different approach speeds. 
The simulation results are compared to the measured results for verification. The 
fast rise time result is shown in Figure 1.18. The simulated discharge current for a 
0.3 mm arc length and 5 kV charging voltage gives a discharge current with a rise time of 
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about 200 ps  and a peak value of 21 A. The measured discharge current has a rise time of 
about 300 ps and a peak magnitude of about 22 A. The difference can be explained by the 
limited bandwidth of the F-65 clamp. Due to the difficulty in measuring arc length we 
can only approximately compare measured and simulated results. Nevertheless, the 
comparison shows that the simulated and measured data are within the same ranges. 
In Figure 1.19 and Figure 1.20, the comparison of simulation discharge current 
for 0.7 mm and 1.1 mm arc length is shown. They match well with the measured results. 
 























Figure 1.17. Measured Discharge Current of Short Ground Strap 
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0.3 mm arc length, simulation
Fast approach spped, measurement
 
Figure 1.18. Simulated Discharge Current for a 0.3 mm Arc Length and Measured 
Current for a Fast Approach Speed 





















0.7 mm arc length, 
simulation
Medium approach speed, 
meaurement
 
Figure 1.19. The Comparison of Simulated Discharge Current for a 0.7 mm Arc Length 
and Measured Current for a Medium Approach Speed 
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1.1 mm arc length, 
simulation
 
Figure 1.20. Simulated Discharge Current for a 1.1 mm Arc Length and Measured 
Current for a Slow Approach Speed 
 
1.4.4.2 Measured magnetic field. This is to confirm the last step of the  
process: Injecting the SPICE simulated current back into the full wave simulation for 
obtaining fields. A shielded loop was placed 5 cm away from the product (Figure 1.16). 
A deconvolution was performed to obtain the field strength from the captured voltage at 
the probe output. The deconvolution is mainly an integration process, having two 
deviations from the ideal integration. At lower frequencies high pass filtering is 
performed to avoid the accumulation of the oscilloscope’s small but relevant DC offset 
during the integration. Second, at higher frequencies the self-inductance of the probe in 
conjunction with the 50 Ω load, leads to a self-integration thus no external integration is 
needed above 3 GHz. The resulting magnetic fields are shown in Figure 1.21. The data 
match well. The measured rise time is about 250 ps. Using the SPICE model one can 
estimate the arc length from the rise time. Repeated simulations indicate an arc length of 
about 0.4 mm. The Paschen length for 5 kV is about 1.1 mm at sea level air pressure. 
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Thus, the combination of the speed of approach and the statistical time lag reduced the 
arc length in this measurement to 35% of the Paschen value, leading to a very fast rising 
ESD current. 
Several field probes were placed in the full wave model to monitor the magnetic 
field. A probe that is 5 cm away from the discharge point gives the H-field data shown in 
Figure 1.21. The result matches well with the measured data. 
 































H-field monitored in CST
 




The methodology allows predicting the currents and fields in and around a 
product. There are three types of limitations in the methodology. 
The most obvious one results from the limited ability of simulating details in the 
product and within the ESD generator. As with every simulation, the number of 
unknowns and the ratio of the smallest to the largest detail will limit the size of the 
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model. The methodology allows circumventing this at least partially, especially for small 
products. If the product is small, then the fields inside the product will be dominated by 
the fields caused from the injected current and not by fields directly coupling from the 
body of the ESD generator. Those fields would especially be significant in the contact 
mode in which the field components that are greater than 1 GHz are often caused by the 
rapid voltage breakdown in the gas filled relay that initiates the discharge. As this 
analysis is for an air discharge, one will find the strongest high frequency components 
directly at the arc, as with further distance from the arc high frequency components will 
be attenuated by both frequency dependent loss and radiation. If the fields are dominated 
by the injected current, then one can use a relatively simple model of the product just to 
determine the current, but in the last step, in which the current is re-injected into the 
product, a more complex model of the product can be used, but a very simple model of 
the ESD generator (and a forced current). 
The second limitation results from the need for providing the arc length for the arc 
resistance calculation. Although possible, arc length measurements are difficult to 
implement. In a simulation we suggest the following approach. At first, an arc length 
should be selected that leads to an air discharge current that is similar to the contact mode 
discharge current, as specified in the IEC 61000-4-2 standard. For 5 kV this is about 
0.8 mm arc length. Values for other voltages can be found in [13]. As a very slow rising 
current the Paschen value can be selected, leading to discharges of lower severity and as 
extremely fast rising current a value of about 30 % of the Paschen length is suggested. 
This value is based on experimental evidence. In measurements that captured the arc 
length [13] we found it possible even under very dry air and clean surface conditions to 
obtain arc lengths of less than 30 % of the Paschen value. 
The third limitation is related to stability of the time domain SPICE simulation. In 
this simulation a very rapid change of resistance is combined with a SPICE impedance 
model created from full wave simulation. If instabilities occur, one should inspect the 
SPICE model for passivity and causality, in addition one can simulate the discharge using 
longer arc lengths first, as these show a slower change of the arc resistance. 
The main application of this model lies in the simulation of ESD to products. For 
example, it is known that the arc length tends to be small for fast approach speeds in dry 
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air. The short arc length leads to fast rise times and high peak values. Using this model 
one can quantify the fields inside a product for different arc lengths. Further applications 
are the simulation of grounding conditions of products on the arc, and thus the current. 
Further, the model can be extended to the case of secondary breakdown, e.g., an ESD 
occurs to an ungrounded metal part leading to a second discharge from this ungrounded 
part to the main part of the DUT. 
 
1.6. CONCLUSION 
The article proposes a method for simulating an ESD generator discharging in air 
discharge mode into a product.  The linear and the non-linear part of the problem are 
separated to simulate the linear part in a full wave solution and the non-linear arc in 
SPICE. The SPICE results are re-imported into the full wave problem as the excitation. 
This allows the fields inside a product during an air discharge to be obtained. The method 





2. COMMON MODE CURRENT ESTIMATION FOR CABLE BUNDLE INSIDE 
A VEHICLE 
2.1. INTRODUCTION 
The modelling of cable bundles inside a vehicle is important for vehicle EMI 
design. Statistical analysis, fullwave EM method, as well as several hybrid methods has 
been used to model the cable bundles.   
Method of Moment (MoM) is suitable for EMI fullwave simulation because of the 
advantage of straightforward electrical field integral equation, and the omit of boundary 
conditions. In conventional MoM, RWG basis functions are used to represent the current 
density distribution on surface scatters. For a cylindrical thin wire structure, only axial 
component of current is assumed to exist. And therefore a current filament is used to 
represent the current density along the wire. The 1D rooftop basis functions are used in 
this Arbitrary Thin Wire approximation method (ATW).  
A cable bundle usually consists of tens of wires, which are further generally 
twisted. It is very computationally expensive to treat each wire using ATW. The hybrid 
approach combining Multi-conductor Transmission Line (MTL) theory with 3D MoM 
has been used in various commercial electromagnetic (EM) tools [25], [26], [27]. 
In the susceptibility problem, one method is to first compute fields (fields external 
to cables) using a fullwave field solver that ignores the presence of the cables. Then, one 
extracts the fields in the cables’ vicinity, which are used in conjunction with coupling 
models to produce source terms for a separate transmission line analysis of guided fields 
propagating along the cables [35], [36], [37]. This method doesn’t consider the reflected 
fields from cables to the external structures. 
In the radiation problem, one method calculates the current along cables with 
MTL analysis. These currents is then considered as impressed sources for the fullwave 
field solver, and the radiated field due to external structure scattering is calculated in the 
absence of cable bundles. Again, this method neglects the reflected fields from the 
external structures back to cable. 
Therefore, another method is proposed that, just as in [35], [36], [37], at first, the 
cables are ignored, and the external fields in cables’ vicinity are computed; these external 
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fields produce source terms for the transmission line analysis that yields the guided fields. 
Then, these guided fields produce source terms for the field solver that updates the 
external fields in the vicinity of the cables accordingly. These new fields are then used to 
update the guided fields and so on. One reference talks about the electromagnetic field 
coupling to a line of finite length [50]. In another reference, the surrounding structure is 
modeled via MoM and SPICE-like simulator is used to simulate equivalent circuit model 
of the multi-conductor transmission lines extracted via the PEEC method [51], 0. 
The modeling of cable bundles with outer environment can be divided into two 
parts: the wire part and the surface part, and a multi-scattering method can be used. In the 
wire part problem, MTL per-unit-length (pul) parameters for both TL- and antenna-mode 
currents can be derived from thin wire approximation MoM. The MTL is excited by a 
discrete voltage source applied on one end of the wires. The excited current on wires 
create fields incident to the surface, and induces current density on surface structure. The 
induced current density on the surface of outer environment due to the incident fields can 
be easily calculated by conventional 3D MoM. The scattered fields are then calculated in 
the vicinity of the MTL, illuminating the wire for additional current, including both TL- 
and antenna-mode.  Those illuminated currents can be treated as a small increment of 
total wire currents. These new current increment will generate new incident fields for the 
MoM problem, and so on. This multi-scattering process can be repeated several times 
until the increase of the wire current is smaller than a threshold. 
 
2.2. ENGINEER SOLUTION  
When a cable bundle crosses a slotted ground plane below it, the return current 
could form a loop on the plane, and a typical resonant structure is associated. Equivalent 
radiation impedance ( )antennaZ f  can be used to model the slot resonator as shown in 
Figure 2.1 [54], where the 6 wires are vertically aligned. An example of the radiation 
impedance is shown in Figure 2.2. 
In MTL, the radiation impedance can be seen by the return current as a per-unit-
length ground resistance and inductance. Therefore, the original structure can be 
separated into three segments, including two ideal transmission line segments and one 
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Figure 2.1. Equivalence and Extraction of the Antenna Impedance 
 
 
ZAntenna from full wave slotted GND plane model
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Figure 2.3. Incorporate MTL with Equivalent Radiation Impedance 
 
The first transmission line equation can be derived by writing KVL around a 
small segment of Δz, as shown in Figure 2.4.  
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Take the limit as Δz→0, and in frequency domain 
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Figure 2.4. Writing KVL around the Small Segment Δz 
 
Similar ideas can be expanded into multi-conductor transmission line with ground 
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Figure 2.5. MTL With Ground Impedance In The Current Return Path 
 
 
Write KVL for other wires, and rearrange in a matrix form as shown in (5), we 
could see that the ground impedance in the return path can be easily added to the original 
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S-parameters of this 3-segment transmission line with the modified PUL RLGC 
parameters can be solved by the chain parameters approach [29], and the results is shown 
in Figure 2.6. 
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When multiple bundles across one gap problem is analyzed, if the bundles are far 
away from each other, i.e. the mutual effect between each bundle can be neglected, the 
proposed RLGC modification method could be extended here. Similar equivalent 
radiation impedance can be obtained by full wave simulation, except we have two ports 






Figure 2.7. Equivalent Radiation Impedance Could Be Considered as a Two-Port 
Network 
 
Again writing KVL for Wire #1 within Bundle #1 in Figure 2.8 gives,  
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Figure 2.8. Equivalent Circuit Network of Multiple Bundles in Small Segment of Δz 
 
Notice the original PUL R and L matrices are given as 
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Write KVL for other wires and rearrange the terms into a sub-matrix notation, we 
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S-parameters of this 3-segment multi-bundle transmission line with the modified 
PUL RLGC parameters can be again solved by the chain parameters approach, and the 








































Figure 2.9. S-parameters Comparison from Different Approaches for Multi-Bundle 
Transmission Line 
 
2.3. METHOD OF MOMENT 
When dealing with complex cable and environment structures, the engineering 
solution is not any more valid. The full wave Method of Moment (MoM) is used for 
accurate analysis of EMI and radiation analysis.  
2.3.1. EFIE with RWG Basis Functions.  The electric field in the vicinity of  
conductor is the summation of incident field and scattered field. The conductor can be 
completely replaced by the equivalent surface current density ( )J r   and surface charge 
density ( )r  . The scattered electric field can be written as 
 ( ) ( ) ( )
sct
E r j A r r     (15) 
where A is the vector magnetic potential, and  is the scalar electric potential. 
 ( ) ( , ) ( )
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S
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G r r  is the dyadic Green’s function for the vector magnetic potential A and 
( , )G r r  is the Green’s function for scalar electric potential . In free space, both 
( , )
A
G r r  and ( , )G r r  can be defined as  
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E ) has to satisfy the boundary 
condition on the wire surface S. For PEC boundary condition, 
 ˆ [ ( ) ( )] 0
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Substitute (15) into (19), we have, 
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which is known as Mixed Potential Integral Equation (MPIE), since two 
unknowns, ( )J r (related to A ) and ( )r  (related to  ) are mixed together. 
Surface current density ( )J r  and surface charge density ( )r  can be related by 
the continuity equation. 
 ( ) ( )S J r j r       (21) 
Substitution of (21) into (20) leads to 










               
 
   (22) 
which is the Electric Field Integral Equation (EFIE), where the only unknown is ( )J r .  
The surface scatter are meshed by triangles (as shown in Figure 2.10), and the 
classic Rao-Wilton-Gilsson (RWG) basis function (as shown in Figure 2.11) is used to 
expand the unknown induced current density ( )J r  as  
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where M is truncation number (the total number of basis functions), nJ is the unknown 




Figure 2.10. Discretization of Surface Structure by Triangles 
 
For the thn  interior edge, it uniquely defines two adjacent triangular cells 
nT
 and nT
 . Their corresponding areas are nA
 and nA
 , respectively. The thn RWG basis 
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Figure 2.11. RWG Basis Function Illustration 
 
Some important properties of the RWG basis functions are:  
1. The basis function is defined at an interior edge. At any boundary edge, 
current is zero, so no need to define a basis function there. 
2. The component normal to the edge direction nl is unity everywhere on the 
edge, which means the current normal to the edge is continuous. 
3. In a local polar system, 
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Substitute (23) into (22) with the expansion, and test the equation with the same 
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where since the basis function is defined on the surface, the volume dot product 
was replaced by the surface dot product, and the inner product is defined on surface as, 
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 Then (27) can be written in the matrix representation, 
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2.3.2. Scattered Field by Induced Surface Current Density.  The induced  
current density represented as RWG basis coefficients nJ in (27) generates scattered field 
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By taking advantage of (24), the first integral is 
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where 2DN is the number of Gaussian Quadrature Integral points, 2Di is the Gaussian 
Quadrature Integral coefficients, and nl is the length of n-th interior edge.  
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where the gradient  applies on r rather than r . That the gradient can be moved inside 
the integral onto 0 ( , )G r r is because only 0 ( , )G r r is a function of r .  The Green’s 
function is again written as 








   (39) 
and its gradient is 
 0 0
1 1ˆ ˆ( , ) ( ) ( , ) ( )
4
jkR





         (40) 
where R r r  , and ˆ ( ) /R r r R  . The observation point r is usually distant away 
from the surface structure, and therefore no singularity issue should be considered.  









E r J j I I

 
   
 
  (41) 
 
2.3.3. Arbitrary Thin Wire (ATW) Approximation.  The EFIE formulation for 
thin wire structure is shown below.  










               
 
   (42) 
The surface current density ( )J r is defined on the surface of thin wire structure. 
Since the wire is assumed very thin, only axial direction of ( )J r  is considered. The 
cross-sectional distribution of current density ( )J r is simple (uniformly distributed 
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around the circular wire surface) and can be written in terms of a filamentary 





zI zI rJ r
a a 

   z  (43) 
where a  is the radius of the thin wire, zˆ  is the axial direction of local coordinate, and 
( )J r  is not dependent on wire azimuthal angle. The filamentary current ( )zI r  can be 
expanded as 1-D rooftop basis functions. 
 
1




I r I f r

   (44) 
When there is no current flowing at two ends of the thin wire (end condition 1), 
the rooftop basis function is defined on each interior edge (1-D edge), as shown in Figure 
2.12. When there is current flowing at two ends (end condition 2), two more half basis 
functions are defined on the boundary edge (1-D edge) [73], as shown in Figure 2.13. 
 
 
Figure 2.12. Rooftop Basis Functions (End Condition 1) 
 
 
Figure 2.13. Rooftop Basis Functions (End Condition 2) 
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For thn interior edge, it uniquely defines two adjacent line cells nL
 and
nL
 . Their 




 , and their corresponding surface areas are 
2n nA al
  and 2n nA al
  , respectively.  As shown in Figure 2.14, the thn  rooftop basis 
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Figure 2.14. Rooftop Basis Function for Thin Wire Approximation 
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Substitute (47) into (42) with the expansion, and test the equation with the same 
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where because of the 1-D rooftop basis, the inner product is defined in 1-D as, 
 ,  d
S
f g f g l  (49) 
Due to the thin wire approximation, in the reduced kernel [73], [74], source point 
is on the surface of the thin wire, while the testing point is on the axial. Similarly as the 
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pl and ql are the length of 
thp and thq wire cell, respectively. 
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(48) can then be written in the matrix representation. 
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2.3.4. Lumped Element on ATW Wire Segment.  The thin wire segment can be  
considered with finite conductivity to represent a lumped element embedded in that 
particular wire segment. With finite conductivity, the surface impedance boundary 
condition shall be satisfied on surface. (19) becomes,  
 ˆ ˆ( ) ( ( ) ( )) ( ) ( ) ( )inc sct S Sn r E r E r Z r n r J r       (57) 
Test above equation by the same basis function ( )mf r , which is defined on 
surface, one obtains,  
 ( ), ( ) ( ), ( ) ( ) ( ), ( )sct incm m S S mf r E r f r Z r J r f r E r    (58) 
where the RHS is the original excitation term, the 1
st
 term on LHS is the original 
impedance term, and the 2
nd
 term on LHS is the additional impedance adjustment term.  
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  (59) 
where, 
iZ : the total impedance assigned to Segment i ,defined by node p and q,  
 
, in Segment 









i : length of Segment i ,  











The relationship between total impedance Zi and surface impedance ZS is (without 
loss of generality, assume the thin wire is z-oriented) 
 
2 2 2




I H a H a a   
  







 , and given configuration in Figure 2.15, (59) reduces to 
current only related to node p and q, 
 ( ), ( ) ( ) ( ) ( ) ( )
p q
i i




f r I f r I f r f r I f r I f r dl
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             
 (62) 
If m=p,  
 ˆ( ) ( ) ( )
3 6p
i i i




f r I f r I f r t dl I I

       
 (63) 
If m=q,  
 ˆ ( ) ( ) ( )
6 3q
i i i




f r I f r I f r t dl I I

       
 (64) 
Therefore, it is equivalent to add  / 3iZ  or  / 6iZ  to the original impedance matrix 





Figure 2.15. Lumped Element Defined on Wire Segment 
 
By utilizing the surface impedance 
concept, and reasonable assumption 
(current through lumped element on 
Segment  is considered constant, with 
value 
       
 





     
 
 
     
 
 
     
 
 
     
 





     
     
 
Figure 2.16. Adjustment of Original Impedance Matrix 
 
2.3.5. Discrete Voltage Source on ATW Wire Segment.  When a discrete  
voltage source is added on wire segment-i, it is equivalent to apply an impressed E-field 





Figure 2.17. Equivalence of Discrete Voltage Source 
 
Using integral of (56), the adjustment of excitation term is like equivalently 
adding / 2SV to both pV  and qV .  
2.3.6. Interaction between Surface and ATW Wire Segment.  Recall (34) for  
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 (65) 
If m represents the surface edge, and n represents the thin wire edge, the 
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2.4. PARTIAL CIRCUIT ELEMENT EXTRACTION FROM MOM 
The traditional MoM equations can be recast into a set of linear partial circuit 
element equations, extracted from MoM [72]. The circuit nodal analysis is used to 
construct those equations, and therefore, we could call this approach “Nodal MoM”. In 
this way, external ideal lumped circuit elements can be easily added by stamping them 
into the right entries of the original nodal analysis equations. The results from nodal 
MoM will be used for comparison in Section 2.6.2 later on.  
2.4.1. Surface Structure.  For surface structure, recall the MPIE in(20).  
 
1
ˆ ˆ( , ) ( ) ( , ) ( ) ( )
A inc
S S
n j G r r J r ds G r r r ds n E r 
 
 
            
 
   (68) 
Unlike the EFIE in (22), ( )J r (related to A ) and ( )r  (related to  ) are mixed together 










J r J f r f r
l 
      (69) 
where M is the total number of interior edges, and ni is the unknown current associated 
with the thn edge, nl is the length of the
thn edge. Notice here ni is edge based, so an edge is 
defined as a circuit branch, and ni is a branch-wise current (unit is Ampere). 
Again substitute (69) into(68), and apply Galerkin’s method on the MPIE 
formula, we get  
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( ), ( , ) ( ) ( ), ( ) 0
M A
m n n m S
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f r j J G r r f r ds f r r 


         (70) 
Notice the first term of LHS is exactly the same as the first term of LHS in EFIE. 
The second term is derived below. Due to the self-adjoint property of the linear 
operator ,  
 ( ), ( ) ( ), ( )m S S mf r r f r r        (71) 
Recall the important property #3 of RWG basis function in(26), divergence of 
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(71) is derived as  
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where we have assumed that the scalar electric potential   is constant within one cell. 
Notice that a cell can be defined as a circuit node. 
Recall (29)that  
 st
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and write in matrix representation, one get 
 0j i  L Λ  (78) 
where Λ is connectivity matrix between edge-wise quantities and cell-wise quantities, the 




1,      if cell n is edge s positive side;
1,   if cell n is edge s negative side;









Λ  (79) 
To further extract capacitance term related to cell-wise electric potential , the 
continuity equation for current density is utilized. Recall(21), in time harmonic 
representation, 
 S J j     (80) 
On the other hand, nodal current can be defined as total current flowing out of the 
corresponding mesh cell (as shown in Figure 2.18), which means from divergence 
theorem, 




I n J r dl J r ds           (81) 













where, nQ is total charge within Cell n , and nI is the impressed nodal current source of 










The induced nodal currents are related to the induced branch-wise currents by 
connectivity matrix as  
 I i
T
Λ  (83) 
The continuity equation can then be described in matrix representation as 
 
e
j Q I I    (84) 
where 
e
I is the impressed current. 
Since surface charge density ( )r is constant over each cell, the charge density 
can be expressed using pulse basis functions. 
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where 
 
1,    in cell 
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Then recall (17), the electric potential ( )r is related to the surface charge density 
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Apply Galerkin’s method again on (87), we get 
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Using (78), (83), (84), and (90), a discretized form of a mixed potential integral 
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This equation is like the MNA (Modified Nodal Analysis) used in most 
commercial SPICE-like solvers.  
2.4.2. Thin Wire Structure.  The MPIE formulation for thin wire structures is 
the same as surface structures. Recall the MPIE formula in (20) again,  
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    (94) 
where there is no azimuthal component of current, ( )nf r is everywhere tangential to the 
wire, in axial direction. 
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Inner product is defined on 1-D rooftop basis,  
 
1












         (96) 
For thin wire approximation, the source point is defined on the thin wire surface, 
while the testing point is defined on the thin wire axial. The second term on the Left 
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where 
 ( )mn m n m n m n m nL M M M M             (100) 
Combine (97) and (99) for branch n , 
 ( ) 0
m m
mn n L L
j L i       (101) 
Write in matrix representation, 
 0j i  L Λ  (102) 
where Λ is connectivity matrix between edge-wise quantities and cell-wise quantities, the 
element ofΛ is 
 
1,      if cell n is edge s positive side;
1,   if cell n is edge s negative side;









Λ  (103) 
To further extract capacitance term related to cell-wise electric potential , the 
continuity equation for current density is utilized. Recall(21), in time harmonic 
representation, 
 S J j     (104) 








 ). Peel off the surface of Cell n , and apply divergence 
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 n nj Q I   (106) 
where, nQ is total charge within Cell n , and nI is the impressed nodal current source of 
Cell n . The induced nodal currents are related to the induced branch-wise currents by 
connectivity matrix as 
 I i
T
Λ  (107) 
The continuity equation can then be described in matrix representation as 
 
e
j Q I I    (108) 
where 
e
I is the impressed current. 
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Figure 2.19. Surface Current Density Distribution on Cell n 
 
Since surface charge density ( )r is constant over each cell, the charge density 
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where nl is the length of the wire cell n , and 
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Then recall (17), the electric potential ( )r is related to the surface charge density 
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The above integral is evaluated over the cell m (which is wire surface m), and the 
below inner product for pulse basis function is evaluated over cell as well. Apply 
Galerkin’s method again on(111), we get 
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The left hand side of (112) is 
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where K is the cell-wise matrix of coefficient of potential. 
Using(102),(107),(108) and(118), a discretized form of a mixed potential integral 
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2.4.3. Interaction between Surface and Thin Wire Structures.  Recalling the  
partial inductance and partial capacitance definition for both surface structure and thin 
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If m represents the surface edge, and n represents the thin wire edge, the 




























































































To construct the complete circuit network equation, L and K matrix for both 
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2.4.4. Pseudo Node Concept and Case Validation.  A simple two conductor  
transmission line structure as shown in Figure 2.20 was used for validation. The per-unit-



























where D is the separation between two cylindrical conductors, and  is the wire radius. 
The port is defined between two pseudo nodes. Since when there is connection 
out of the wire ends, the ending current is not zero. And therefore, an inductance is 
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associated with that branch-wise current. But because that current is only defined on half 
rooftop basis, only a “half-inductance” shall be introduced into the original equivalent 
circuit network, as shown in Figure 2.21. Notice that the pseudo cell doesn’t introduce 
additional partial capacitance terms, because the area of that pseudo cell is zero, i.e., no 
charge is associated with the pseudo cell.  
 







Figure 2.20. A Simple Two-conductor Transmission Line 
 







Figure 2.21. Introduction of Pseudo Cell 
 
The Z-parameter obtained from EMC Studio [25], the equivalent circuit 
extraction method, and the analytical equations are compared for the same geometry 
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shown in Figure 2.20. By adding pseudo wire cells at the port locations, the circuit 
extraction method gives close results as the other two, as shown in Figure 2.22.  
 
Final Correct Version, Z12
4



























































Figure 2.22. Validation by Comparing Z-parameter from Different Approaches 
 
The loading condition on two ends can be considered as well by connecting 
loadings between two pseudo nodes. A voltage source in series with impedance can be 



















Figure 2.23. Conversion to Norton Equivalent Circuit 
 
If the current direction is defined as in Figure 2.24, one can write KCL for pseudo 
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Figure 2.24. KCL for Pseudo Nodes 
 
2.5. MTL WITH INCIDENT FIELD 
2.5.1. Conventional Theory of TL-Mode Current Excited by External Fields.  
Current flowing on wire-like structures consists of the so-called TL-mode and antenna-
mode current. The conventional transmission line theory is only valid for TL-mode 
current [29]. Three different approaches have been developed to calculate the TL-mode 
current on transmission line due to incident filed excitation [28], [31], [32], however, the 
three different formulations introduced here are just approximations under special 
conditions where TL condition holds (Section III.B, 0). The exact solution (full-wave) of 
two wires illuminated by external field can be calculated in an iterative manner [50].  
In 1965, Taylor developed a Total Voltage Form representation [28]. Both 
incident E and H-field are considered and converted to equivalent voltage and current 
source along the transmission line. In the coordinate of Figure 2.25, the modified 
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Figure 2.25. Current along Transmission Line 
 
The detailed derivation extended to multi-conductor TL is referred to Clayton 
Paul [29], [30]. Later in 1980, Agrawal developed a Scattered Voltage Form 
representation [31], which only requires the tangential component of excitation E-field. 
The modified Telegrapher’s Equation is  
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 (138) 
Then in 1993, Rachidi proposed the third Scattered Current Form representation, 
which only requires the tangential component of excitation H-field [32]. The modified 
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The equivalent SPICE circuits for all three models are shown below in Figure 
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Figure 2.28. Equivalent Circuit of Rachidi’s Model 
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All three models should give the same results if used correctly. And again, we 
should notice that these three models only work for estimating TL-mode current or the 
terminal response [34], since the antenna-mode current equals zero at wire terminals.  
2.5.2. Exact TL-, Antenna-Mode Current on a Two Wire Transmission Line.   
For a two wire structure, both TL and antenna mode current can be evaluated by taking 
advantage of Agrawal’s model. The distributed scattered voltage source in Telegrapher’s 
Equation is the difference of tangential E-field on thin wire surface for TL-mode current; 
while for antenna-mode current, it is the average [55]. 
Consider a two-wire line of length L in free space, with separation of d and wire 




( ) ( ) ( )
( ) ( ) ( )
a tl
a tl
I z I z I z




where ( )aI z and ( )tlI z is the antenna-mode and TL-mode currents, respectively.  
As in the thin wire MoM, the scattered E-field is  
 
sct
E j A     (141) 
where  
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In the thin wire approximation, we can assume that currents are concentrated in 









      (144) 
Substitute (144) into (142) and (143), and evaluate electric potentials on surface 
of both two wires,  
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Referring to the scattered voltage definition in [55], we can similarly get the two 
equations for TL-mode current,  
  tl 1 2
0
( )












        (155) 
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 (156) 
Notice that tl ( )I z and 




cannot be taken out of the integral, by rigorous 
derivation. If we plot 1 2( , ) ( , )g z z g z z  for a specific z value, its shape is like a delta-
function, as shown in Figure 2.29. Taking this property, (155)and (156) can be 
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Figure 2.29. Magnitude of Green’s Functions 
 
The TL-mode per-unit-length inductance and capacitance for a two wire line is 
shown in Figure 2.30 and Figure 2.31. The line parameters is length L=0.9750 m, 
separation d=0.0150 m, wire radius a=0.3mm, and frequency f=1GHz. We could notice 
that the retardation term (imaginary part) is small compared to the real part, and it could 
be neglected when calculating TL-mode current. The analytical equation is the well-
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Notice that when the integration limits of (158)and (159) exceed to  and  , 
(158)and (159) reduces to (160) [50].  
 






































































Figure 2.31. TL-mode Line Per-Unit-Length Capacitance  
 
Similar to (155) and(156), the two equations for antenna-mode current are,  
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By the delta-function like property as shown in Figure 2.29, an approximation to 
Telegrapher’s equation in Agrawal’s form for antenna-mode current is obtained as:  
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The antenna-mode per-unit-length inductance and capacitance for a two-wire line 
is shown in Figure 2.32 and Figure 2.33. The line geometries are the same as before, but 
we should notice that the imaginary part of La and Ca cannot be neglected.  
 








































































Figure 2.33. Antenna-mode Line Per-Unit-Length Capacitance 
 
The solving of (157) or(163) could take advantage of multiple numerical methods 
[34], in which a SPICE solver with Modified Nodal Analysis (MNA) is a straightforward 
way. The transmission line is divided into many segments, and each segment can be 
represented as lumped elements, in left Γ, right Γ, T, or Π shape [29]. For example, the T-





         






      
 
 














               
 
Figure 2.34. T-Shape Lumped Circuit Representation of TL 
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However, we would rather to know the exact solution to(155),(156) or(161),(162), 
than (157) or(163). A recursive process similar to [50] can be used here. Adding 
   1 2 tl
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2
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manipulation, one obtain 
   
      
1 2 tl
0
tl 1 2 tl 1 2
0 0
( ) ( , ) ( , )
2
( ,0, ) (0,0, )








V z j g z z g z z dz I z
dz
E d z E z








    
 
 





Substitute (158) into(166), we get 
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Substitute (159) into(169), we get 
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The solutions to (172) are a series expansion based on perturbation theory [50] 
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The initial current and scattered voltage is obtained from the incident field by 
(157) 
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The current and scattered voltage perturbations are then obtained from previous 
ones by 
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Similarly for antenna-mode current, the exact solution should be obtained by 
recursively solving  
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The initial current and scattered voltage is obtained from the incident field by 
(163) 
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The current and scattered voltage perturbations are then obtained from previous 
ones by 
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A test case was used to check the antenna mode current on a two wire TL excited 
by an external plane wave, as shown in Figure 2.35. The E-field is along x-direction, and 
therefore, no TL-mode but antenna-mode current shall be illuminated.  
 
 




The line parameters in 1
st
 test case are the same as before, with open load on both 
ends. As in Figure 2.36, the results show that even for transmission line structure with 
electrically short cross-section, the antenna-mode current could be much larger than TL-
mode current (for this special test case, TL-mode current is zero).  It took more iteration 
for antenna-mode current to converge than TL-mode, the reason would be 1 2g g is more 
like a delta function compared to 1 2g g , as shown in Figure 2.29.  
 























Converged Exact Solution Current
Commercial Tool (EMCoS), true Open Load
 
Figure 2.36. Magnitude Comparison of Antenna-mode Current 
 
2.5.3. Dealing with TL Terminations.  For TL terminations, the total voltage   
and total current should satisfy KVL at z=0 and z=L. With the direction definition in 
Figure 2.37, we have 
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where ( )SV z is the scattered voltage defined as  
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Figure 2.37. Boundary Conditions in Total Voltage Form 
 
Substitution of (182) into (181) gives the boundary conditions in scattered voltage 
form (Agrawal’s model) as in(184). And the equivalent circuit representation is shown in 
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Figure 2.38. Boundary Conditions in Scattered Voltage Form 
 
2.5.4. Antenna-Mode Current on Multi-conductor Transmission Line.  For    
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where the antenna-mode current is defined as 
 0 1












The extension from 2-wire TL to MTL will be future work.  
 
2.6. MULTI-SCATTERING METHOD 
When calculating cables with surface environment inside a vehicle by MoM, 
cables are generally situated very close to metallic surfaces. Therefore, the necessary 
discretization of the metal ground underneath cables has to be characterized by small 
surface patches [35], which introduces large computational burden. Combining MTL 
with MoM is a solution to overcome this difficulty. Many literatures have proposed the 
hybrid method of MTL with full wave 3D EM solver [35]-[41]. The fields in the vicinity 
of cables are first calculated in the absence of cables, and then the transmission line 
theory with incident filed is applied to calculate the load response of cables. The 
transmission line network is either represented as an equivalent lumped circuit for SPICE 
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analysis, or the load response is analytically calculated by BLT (Baum, Liu, Tesche) 
equation [42].  
The above literatures all uses a one way approach without considering field 
reflection (scattering) from cable back to the surface environment. Then an iterative 
approach was proposed to consider the multi-reflection between MTL and MoM region 
[43]. However, the radiation calculated in that paper didn’t include the antenna mode 
current. To include the antenna mode current (the radiation effect from transmission line), 
the full-wave transmission line concept was proposed [44]-[49]. These papers derive the 
complete transmission line Telegrapher’s Equation from the thin wire (or thick wire) 
EFIE formulation, and obtain the equivalent per-unit-length RLGC for antenna mode. 
Some iterative approaches then calculate the field coupling to multi-conductor 
transmission lines in presence of complex structures, without neglecting the antenna 
mode current [50]-0. The ultimate source in this approach is the external field that 
illuminates the transmission line. The iteration starts from quasi-static solution with 
incident field excitation, by neglecting the retardation terms first, and then includes the 
non-static effect introduced by complex environment iteratively. This approach is based 
on perturbation theory, provided that the quasi-static current dominates.   
2.6.1. Multi-Scattering by Pure MoM.  If the ultimate source is the discrete  
voltage source applied on a transmission line, the problem can be of course solved by 
full-wave MoM approach. A multi-scattering approach can also be used. First consider 
the field caused by transmission line in the absence of complex environment as (0) 2Wire SurfE , 
and then the scattered field by surface environment ( (0) 2Surf WireE ) can be calculated by MoM 
in the absence of wire structures. The field 
(0)
2Surf WireE  in turn illuminates the scattered field 
by wires ( (1) 2Wire SurfE ). And the field 
(1)
2Wire SurfE  in turn illuminates the surface for scattered 
field
(1)
2Surf WireE  back to wires, etc. The flowchart of this multi-scattering method is shown 





Recall: Flowchart (each freq sample)
1. ATW with voltage source and load
 3. Field           
   
onto Surface
 4. Induced current      
   
 5. Scattered field           
   
 6. Induced current      
     If meet 
threshold
No
     
Done
 2. Current      
   
 on thin wires    
 
Figure 2.39. Flowchart of Multi-Scattering Method by Pure MoM 
 
While multi-scattering approach represents the physics of field reflection, an 
alternative way to solve the MoM equations presents its mathematical meaning. The total 
MoM matrix equation including wire and surface structures is  
 
0
WW WS W W
SW SS S
Z Z I V
Z Z I
     
     
    
 (187) 
which is equivalent to  
 WW W WS S WZ I Z I V   (188) 
 0SW W SS SZ I Z I   (189) 
The multi-scattering approach is like iteratively solving (187) for WI by firstly 
assuming (0) 0SI  . From(188), with 0n  ,  
  ( ) 1 ( )n nW WW W WS SI Z V Z I   (190) 
Then, from (189), with 0n  , 
  ( 1) 1 ( )n nS SS SW WI Z Z I    (191) 
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Then, with 1n n  , the solving process goes back to (190) for iteration. The 
total current on wires is  
 (0) (1)W W WI I I    (192) 
A two wire transmission line with a slotted plane environment is used as a test 
case to check the multi-scattering process. It is shown that one iteration is enough to 
reach a fairly good agreement with full-wave solution by MoM, as shown in Figure 2.40 
and Figure 2.41.  
 
 


































Matlab, Iter = 0
Matlab, Iter = 1
 
Figure 2.41. Current Comparison of Multi-Scattering And Full-Wave Approach 
 
2.6.2. Multi-Scattering by Hybrid of MTL and MoM.  The wire region can be  
modeled by transmission line theory, if the wires are transmission-line-like structures. In 
this multi-scattering approach, both the TL- and antenna- mode current on wires 
illuminated by external (both incident and reflected) fields has to be evaluated properly.  
At first, the current on TL due to the discrete voltage source is calculated by 
conventional TL theory, for example, by a SPICE solver, in the absence of complex 
environment, and this gives the field
(0)
2Wire SurfE . Then the induced current 
(0)
SurfJ on surface 
structure in the absence of TL is calculated by MoM, and is further used to calculate the 
scattered field
(0)
2Surf WireE , by the algorithm in Section 2.3.2. The field 
(0)
2Surf WireE  in turn 
illuminates both the TL- and antenna-mode currents on the transmission line by TL 
theory discussed in Section 2.5. These induced TL- and antenna-mode current again gives 
the field
(1)
2Wire SurfE  back to surface. And the field 
(1)
2Wire SurfE  in turn illuminates the surface 
structure for scattered field
(1)
2Surf WireE  back to wires, and so on. The flowchart of this hybrid 





Recall: Flowchart (each freq sample)
1. TL Port Excitations 
 3. Field           
   
onto Surface
 4. Induced current      
   
 5. Scattered field           
   
 6. Current      
     
 along TL
(Field Excited Current)
 2. Current      
   
 along TL 




     
Done
   
 
Figure 2.42. Flowchart of Multi-Scattering Method by Hybrid of MTL and MoM 
 
The process can be explained by the example shown in Figure 2.40. The initial 
current (0)WireI can be obtained by either T-shape equivalent circuit with MNA, or the 
analytical equations. A comparison of initial current is shown in Figure 2.43.  
 















































Figure 2.43. Initial Current along Wire-1 
  
81 
The initial current (0)
WireI is then used as an impressed current source to calculate the 
induced surface current density (0)SurfJ on surface, as shown in Figure 2.44, and further 
scattered field (0) 2Surf WireE at wire surface locations, in the absence of the physical wire 
structure. A comparison of (0) 2Surf WireE is shown in Figure 2.45.  
 
 
Figure 2.44. Calculate Induced Surface Current in the Absence of Wires 
 























Figure 2.45. The 1
st
 Scattered E-field along Wire Surface 
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The tangential component of (0) 2Surf WireE will illuminates both TL- and antenna-mode 
current on wires, which can be evaluated as in Section 2.5. The evaluation of TL-mode 
current converges very fast. The initial approximation by Equation (174) is already good 
enough, and after only one correction by Equation (175), the result has converged, as 
shown in Figure 2.46.  


























Figure 2.46. Convergence of TL-mode Current due to External Field 
 
The evaluation of antenna-mode current does not converge that fast. After 5 
corrections, the result converges, as shown in Figure 2.47. The different convergence 
speed for TL- and antenna-mode is again because 1 2g g is much sharper, and more like 
a delta function compared to 1 2g g , as shown in Figure 2.29. The comparison between 
the induced TL- and antenna-mode current is shown from Figure 2.48 to Figure 2.50. 
Notice that antenna-mode current is zero at two ends, while TL-mode current is not 
(because of the 50Ω loads). The current (1)WireI is just the sum of both TL- and antenna-
mode current. After several scattering, the total current on wires is just the sum of all 
currents.  
 (0) (1) (2)( ) ( ) ( ) ( )Wire Wire Wire WireI z I z I z I z     (193) 
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Figure 2.47. Convergence of antenna-mode Current due to External Field 
 





































































































The total current on wires compared with the Nodal MoM result is shown below 
from Figure 2.51 to Figure 2.54. After only one scattering, the current value is already 
close to the “exact” solution.  
 

































real(I0), 0th Scattering, MTL
real(I1), 0th Scattering, MTL
 





































real(I0), 1st Scattering, MTL
real(I1), 1st Scattering, MTL
 





































real(I0), 2nd Scattering, MTL
real(I1), 2nd Scattering, MTL
 





































real(I0), 3rd Scattering, MTL
real(I1), 3rd Scattering, MTL
 






A multi-scattering approach by the hybrid of MTL theory and MoM method has 
been proposed. The current through a two-conductor transmission line can be 
decomposed into TL- and antenna-mode. Each mode can be evaluated by an equivalent 
SPICE circuit method recursively. The results show that after a few scattering between 




3. TSV MODELING USING MODAL BASIS FUNCTIONS  
3.1. INTRODUCTION 
To meet the continuously-growing needs for system integration and high density, 
three-dimensional integration to create multilayer chips (3D ICs) becomes increasingly 
important, where through-silicon via (TSV) is an enabling technology that provides 
connectivity between active layers[56], [57]. Understanding the electrical performance of 
TSVs is critical for addressing the signal/power integrity and interference issues in 3D 
ICs. Several approaches to model the admittance/impedance of TSVs have been 
proposed, including full-wave numerical simulations [58], empirical equations [59], and 
equivalent circuit models [60]-[63]. Ordinary full-wave approaches are accurate, but can 
be slow and memory-consuming especially when the number of TSVs is large in 
simulation. Empirical equations can provide good estimations acceptable for engineering 
applications, but lack of rigorous derivation. Equivalent circuit models can be constructed 
based on different levels of assumptions and simplifications. Most of the empirical 
equations and equivalent circuit models only work for a pair of TSVs.  
To study a TSV array, an improved full-wave method using the method of 
moments (MoM) and cylindrical modal basis functions [66]-[69] has been proposed. 
With the modal basis functions, TSVs do not need to be discretized into mesh cells.  In 
cylindrical coordinate, the integral equations involving the modal basis can be easily 
calculated analytically. Also, because only a small number of the modal basis functions 
are needed, the number of unknowns is significantly reduced [65]. Thus the method is 
very efficient in handling a large number of TSVs. 
A similar idea is adopted in this paper to compute the admittance matrix of TSVs, 
with a different while simpler formulation. The silicon dioxide layers in the geometry are 
equivalently modeled with bound charge, instead of the polarization current in [66]-[69]. 
Then, the potentials of TSVs can be simply related to the free charge on the TSV surfaces 
and the bound charge due to the silicon dioxide layers, through a known Green’s function 
in a homogeneous silicon medium. By further enforcing the boundary condition at the 
interface surfaces between the silicon dioxide and the silicon regions, a matrix equation is 
established where the admittance matrix of the TSVs can be extracted. 
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Due to the high permittivity and resistivity of the doped silicon substrate, a 3D 
TSV structure, although very short in length, can be simplified as a 2D quasi-static 
transmission line. Thus, the proposed approach in this work is similar to the capacitance 
calculation of a dielectric coated transmission line system in [65]. However, Galerkin’s 
method is introduced instead of the simple point-matching scheme used in [65]. As a 
result, reciprocity is automatically enforced in the extracted admittance matrix. It needs to 




Consider the problem of N TSVs with silicon dioxide coatings as shown in Figure 
3.1. Since the geometry can be approximately modeled as a multi-conductor transmission 
line as discussed earlier, a 2D problem is formulated herein. The equivalent bound-charge 
approach as in [65] is adopted. In other words, the silicon dioxide coatings are replaced 
with the silicon substrate.  To make the problem equivalent, bound charge distributions 
need to be introduced at the SiO2-Si interface. The same amount of bound charge but in 
the opposite sign needs to be introduced on the surface of each corresponding TSV, in 
addition to the free charge there.  
The electric potential at an arbitrary point p is contributed by all the free and 
bound charge distributions. In other words, in the global cylindrical coordinate system, 
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where  and   are the position vectors of the field and source points, respectively; G is 
the Green’s function for the scalar potential in the homogeneous silicon medium; and, cjS  
and ijS  are the conductor and the SiO2-Si interface surfaces associated with TSV j, 
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kf  and 
j
kg  are the 
thk  basis functions on the conductor and the SiO2-Si interface 
associated with TSV j, respectively; jk and 
j
k  are their coefficients. As discussed in 
[65], the basis functions are chosen to be the axial harmonic expansion functions to 
reduce the number of unknowns. Specifically, they are 
 
, 1,      1
, cos ,     1 & even
2
( 1)












































Figure 3.1. A Cross-Sectional View of A TSV Array 
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The angle j is defined in the local cylindrical coordinate system centered at TSV j 
as shown in Figure 3.2. Notice that M in (195) is the total number of the basis functions 
used in the expansions, which is an odd number. 
Substituting (195) into (194) results in 
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The term *( )n  could be described using two different expressions depending on 
the location of the field point.  Let’s define * *( ) ( )n n   
 , if the field point is outside of 
the SiO2-Si interface of TSV j; and 
* *( ) ( )n n   
 , if the field point is inside the SiO2-Si 
interface of TSV j. 
Galerkin’s method is then used to test (197) using the basis functions defined on 
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The electric field at an arbitrary point p can be further obtained from the scalar 
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Similarly, the term *( )n   could be described using two different expressions 
depending on the location of the field point.  Let’s define * *( ) ( )n n   
 , if the field 
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point is outside of the SiO2-Si interface of TSV j; and
* *( ) ( )n n   
 , if the field point is 
inside the SiO2-Si interface of TSV j. 
At the SiO2-Si interface, the normal electric displacement field needs to be 
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  and 
1r
 are the relative permittivity of the silicon substrate and the SiO2 coating, 
respectively;    and   are the vector pointing to the outside and inside of the SiO2-Si 
interface, respectively; and, ˆ j  is the unit vector normal to 
i
jS . To account for the loss in 








where rSi  and are the real-valued relative permittivity and conductivity of the silicon 
substrate. By testing (201) using the basis functions defined on the SiO2-Si interface 
surfaces, another set of equations are obtained as 
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Combining (199) and (202) results in the following system matrix equation as 
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Specifically, when the basis functions defined in (196) are used, only the zero-
order mode (k = 1, representing the axially uniform distribution of charge densities) 
contributes to the electric potentials. In other words, 
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where   floor 1 / 1j m M    ; j is the potential of TSV j; and, jr  is the radius 
of TSV j. 
From (203), the coefficients of the charge densities can be obtained as 
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It can be easily found out that the total free charge on each TSV surface is only 
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ir   is the sum of the free and the negative bound charge on the 
conductor surface of TSV i; 
12
i
iR   is the bound charge at the SiO2-Si interface of TSV 
i; and iR  is the radius of the SiO2-Si interface of TSV i.  Further combining (204) and 
(205) results in 
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3.3. CALCULATION OF SYSTEM MATRIX 
In the 2D case studied in this paper, the Green’s function for the scalar potential 















Using the basis functions defined in (196), the electric potential terms, ( )n  and 
*( )n  in (197), and the electric field terms, ( )n   and 
*( )n  in (200), can be 
analytically calculated as in [65]. The closed-form expressions are listed in Table 3.1 for 
reference, where ( , )   are the coordinates of the field point p in the local coordinate 














Table 3.1.  Closed-Form Expressions for Calculating Electric Field and Potential 



























































































































































































































































































































































































To further calculate the elements in[ ]D , the related inner products need to be 
evaluated in the local coordinate systems where the testing functions are defined. There 
are two possible cases.  The testing and the basis functions involved in an element can be 
located in the same local coordinate system as shown in Figure 3.2, or in two different 
  
97 
local coordinate systems as shown in Figure 3.3.  In the latter case, coordinates in one 
local cylindrical coordinate system need to be converted to those in another local 
cylindrical coordinate system.  As illustrated in Figure 3.3, the coordinates ( , )i ix y  of 
Point p in the coordinate system centered at TSV i are related to the corresponding 
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where d is the center-to-center distance between the two TSVs. 
Then, the inner products are calculated using the 1D Gaussian quadrature 
numerically. In other words, certain points are selected along the integration path of each 
1D integral, and the weighted average value of the integrand among these points is used 
as the approximate result of the inner product. 
After the system matrix [ ]D  is calculated, the admittance matrix of multiple 









Figure 3.2. Evaluating the Matrix Element In[ ]D : Testing and Basis Functions are 















Oi Ojd = pitch
 
Figure 3.3. Evaluating the Matrix Element in[ ]D : Testing and Basis Functions are 
Located in Different Local Coordinate Systems 
 
3.4. A TSV PAIR 
A typical TSV pair is used to validate the proposed approach.  The radius of each 
TSV is TSVr 2.5 m, and the thickness of the silicon dioxide coating is oxt 0.5 m. The 
relative permittivity of SiO2 is 1r   3.9. The silicon substrate has a real relative 
permittivity of rSi   11.9 and a resistivity of rSi 10 cm. The total capacitance 
between the two TSVs is calculated from the matrix elements obtained using (206) as  











and the total conductance is similarly determined. 
First, a pitch size of d 15m was studied. The calculated capacitance and 
conductance values between the two TSVs agree well with the calculated values using 
the published equations in[56], as well as those from a commercial 2D Finite Element 
Method (FEM) tool (Q2D from Ansys [80]), as shown in Figure 3.4. It can be shown that 
the proximity effect between the two TSVs can be neglected in this case because the 

































C, published equation in [8]
G/, this work




Figure 3.4. Admittance Results for a Typical TSV Pair: d = 15μm;  
rTSV = 2.5μm; tox = 0.5 μm; ρSi = 10 Ω-cm 
 
In the second case where the pitch size was reduced to 7d m  , the calculated 
results using the proposed approach in this paper still agree well with the results from the 
2D finite-element-method tool, as demonstrated in Figure 3.5. However, the calculated 
values using the published equations in [56] show obvious deviations.  This is because 
the proximity effect between the two TSVs cannot be neglected in this case anymore 
when the pitch size is small. The published equations in [56] are not suitable to deal with 
tightly coupled TSVs.  
The proposed method converges rapidly. In the extreme case of 7d m  , good 
convergence has reached by including only the 1st-order harmonic expansion functions 
(k = 3) as shown in Figure 3.6.  Thus, the proposed approach is very effective and 































C, published equation in [8]
G/, this work




Figure 3.5. Admittance Results for a Typical TSV Pair: d = 7μm;  




























C, zero-th order mode only
G/, zero-th order mode only
C, up to 1-st order, k=3
G/, up to 1-st order, k=3
C, up to 2-nd order, k=5
G/, up to 2-nd order, k=5
C, up to 10-th order, k=21
G/, up to 10-th order, k=21
 
Figure 3.6. Convergence of the Proposed Approach: d = 7μm; rTSV = 2.5μm;  
tox = 0.5 μm; ρSi = 10 Ω-cm. 
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3.5. A TSV ARRAY 
A 5-by-5 TSV array structure is shown in Figure 3.7. These TSVs are closely 
coupled, with following parameters: pitch = 7μm; rTSV = 2.5μm; tox = 0.5 μm; ρSi = 10 Ω-





























Figure 3.7. A 5-by-5 TSV Array 
 
The capacitance matrix obtained by the proposed method is the so-called “Short 
Circuit Capacitances” in [81] or “Generalized Capacitance Matrix” in [82], which is the 
inverse of P, “Coefficients of Potential”. The capacitance matrix obtained in Q2D is 
equivalent to the “Per-unit-length Transmission-Line Capacitance Matrix” in [82], when 
one of the N+1 conductors is grounded. Or its absolute value can be obtained by the 
“Node Pair Capacitances” in [81].  
After proper conversion, the admittance comparison between node-pair 2&7 is 
shown in Figure 3.8. Due to the close coupling, only 0
th
 order basis is not enough to 
properly capture the charge distribution, and therefore inaccurate admittance value is 
obtained. From the convergence study in Figure 3.9, even only one higher order mode is 

































C, up to 2-nd order






Figure 3.8. Node Pair C27 and G27/ω for the 25-via TSV Array:  pitch = 7μm;  


































C, up to 1-st order
G/, up to 1-st order
C, up to 2-nd order
G/, up to 2-nd order
 
Figure 3.9. Convergence Study for Node Pair C27 and G27/ω 
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The time consumption is compared between Q2D and proposed method in Table 
3.2. Due to the tiny geometry, the finite element mesh in Q2D has to very fine to achieve 
a convergence. The proposed method shows great advantage since no geometric mesh is 
required. The comparison was performed on a PC with Windows 7 OS, 4.00 GB RAM, 
2.66GHz 2-Core CPU. The proposed method is programmed in MATLAB, with variable 
of frequency vectorized. And therefore, the number of frequency samples doesn’t play a 
significant role in the time consumption.   
 
Table 3.2.  Time Consumption of Proposed Method  
TSV# 0
th
 order Up to 1
st
 order Up to 2
nd
 order Q3D 
9 0.5 sec 4 sec 11 sec 35 min 




An accurate approach to calculate the quasi-static admittance matrix for TSV 
arrays is developed in this paper. It uses the concept of bound charge to change the 
original problem with inhomogeneous media into an equivalent but simpler problem with 
a homogeneous medium. Using the axial harmonic basis functions further reduces the 
number of unknowns significantly. Galerkin’s method is used to enforce the reciprocity 
in the numerical formulation. The approach is validated with published work as well as 
full-wave simulations.  It is demonstrated that the proposed method can deal with the 
cases with small pitch sizes where the proximity effect may have to be considered, while 
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